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In an abelian category with a torsion theory an object B is called a Baer object if 
Ext(B, 7): 0 for all torsion objects T. The Baer Cl<]-modules arc precisely the 
free ,,[[I-modules (P. Griffith). The modules over finite-dimcnsonal hereditary 
algebras of tame type have some properties analogous to C[SJ-modules. However, 
in this paper it is shown that Bacr modules over such algebras arc not ncccssarily 
free or even pure-projective. A characterisation of Baer modules of countable rank 
over a particular Artin algebra is also given: A system of countable rank is Baer il 
and only if (V, w)- [)T-, (V,,. IV,), where (V,), IV,) is a finite-dimensional 
subsystem of (V,, , , . W,, ,) and (V,, I. IV,, , ,)/(V,,, IV,,) is torsion-free for 
n = 1, 2,.... Baer systems of arbitrary rank are also discussed. 
In an abclian category with a torsion theory there are two problems that 
suggest themselves: 
(i) Find the torsion objects T for which Ext(F, T) - 0 for all torsion- 
free objects F. 
(ii) Find the objects B for which Ext(B, T) = 0 for all torsion objects 
T. 
The category WC arc intcrestcd in is the category of modules over a tinitc- 
dimensional hereditary algebra of tame type, see [8 I. Of particular interest is 
the algebra R of complex 3 x 3 matrices of the form 
which arises from pairs of linear transformations bctwecn complex vector 
spaces; see 161. The first problem was solved for the category of R-modules 
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in [6J. Thanks to the results in 18 1, this solution goes through for an 
arbitrary finite-dimensional hereditary Artin algebra of tame type. The 
solution is entirely analogous to the abelian group case in 141. In this paper 
we tackle the second problem. Following [4,5 ] we call a module B Baer if 
Ext(B, 7’) = 0 for all torsion modules T. Unless otherwise stated, all rings are 
of the type described in the abstract of this paper. A direct sum M of finite- 
dimensional torsion-free modules is Baer: use the definition of purity, 
properties of Ext, the fact that the torsion submodule of a module is pure; 
see [8); and the pure-projectivity of M. So there is no prospect of getting 
Griffith’s theorem [ 5 1 to the effect that Baer abelian groups are free. Instead 
we prove the following theorem: If M = tJ r=, M, where M, is a submodule 
oflM,f, such that M,, ,/M, is a finite-dimensional torsion-free module, then 
M is Baer. If we restrict to systems, we also prove that the above condition is 
necessary, provided M is of countable rank, Theorem 2.6. We show that the 
countability hypothesis cannot be deleted in that theorem. This leaves open 
the characterization of Baer systems of arbitrary rank. Unless otherwise 
stated 5’ will denote a finite-dimensional hereditary artinian algebra of tame 
type, and R will be the ring of complex matrices described at the beginning 
of the Introduction. However we use the language of systems mostly. For 
undefined terms involving S, see [8] and for those involving systems ee II] 
or 161. 
1. BAER MODULES 
We recall from [8] that the full subcategory of torsion regular modules of 
the category of all S-modules is the product of categories each of which is 
equivalent o the category of torsion modules over a principal ideal domain. 
Bearing that in mind the first proposition is obvious. See also [4] where 
analogous lemmas for Baer groups are stated. 
PROPOSITION 1.1. (a) A submodule of a Baer module is Baer. 
(b) Baer modules are torsion-free. 
PROPOSITION 1.2. Let M be a torsion S-module with basic submodule 
M,,. Then for any torsionfree module N, Ext(N, M) = 0 if and only if 
Ext(N, M,) = 0. 
Proof M, is an endomorphic image of M (Theorem 36.1 of [4]). So if 
Ext(N, M) = 0, so is Ext(N, M,) from the long exact sequence for Ext. The 
other direction follows similarly after noting that M/M,, is divisible; hence 
Ext(N, M/M,) = 0. m 
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A consequence of Proposition 1.2 is that in testing whether a module M is 
Baer it is sufficient to test it against direct sums of cyclic torsion modules. 
PROPOSITION 1.3. If M is a torsion-free module of countable rank such 
that et’ery submodule of finite rank is finite-dimensional, then M = u ,“_, M, 
where M,, is a finite-dimensional submodule of M, -f , and M,,+ ,/IV,, is 
torsion-free. 
Proof: Let Q be a fixed indecomposable torsion-free divisible module. 
Then M c N = OF=, Nk, Nk = Q for all k = 1, 2 ,.... We may arrange that 
the projection of N onto any of the hrk’s does not vanish on M and N/M is 
regular. Put M,, = M ~7 (0;. , Nk). It is readily checked that these M,‘s have 
the required properties. I 
For any module M let t(M) denote the torsion part of M. 
PROPOSITION 1.4. Suppose MC N and t(M) = t(N), N/t(N) and N/M 
are finite-dimensional and torsion-free. Then for euery submodule M, c M 
such that M = t(M) $ M, there exists a submodule N, of N such that 
M,cN, andN=t(N)$N,. 
Proof Since N/t(N) is finite-dimensional and torsion-free, it is pure 
projective and hence Baer, see Introduction. So we have N = t(N) @ N’ 
where N’ is isomorphic to N/t(N). We also have M = t(M) @ Mn N’ 
because t(M) = t(N). 
Suppose M = t(M) $ M, also, then by the module analogue of Lemma 9.5 
of 141 there exists a homomorphism 
,u: M n N’ + t(M) 
such that 
M,= (m-,u(m):mEMnN’} 
The module N/M is isomorphic to N//N’ f7 M. Just like N/t(N) the latter 
module is Baer. From the short exact sequence 
O+N’nM-N’-N’/N’nM-+O 
we get the exact sequence 
Hom(N’/N’ n M, t(N) -+ Hom(N’, t(N) -+ Hom(N’ n M, t(N)) 
+ Ext(N’/N’ n M), t(N)). 
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The last entry is 0 because N’/N’ n M is Baer. So there exists a 
homomorphism 4: N’ -+ t(N) which restricted to N’ f7 M is ,u. Let 
N, = (n - 0(n): n E N’ } 
M, c N, and N = t(N) $ N, again by Lemma 9.5 of 14 1. 1 
PROPOSITION 1.5. Suppose N/t(N) is of countable rank and every 
submodule of N/f(N) offinite rank is finite-dimensional, then N = t(N) $ N’ 
for some submodule N’ of hr. 
Proof Let M = N/t(N). By Proposition 1.3, M = UF-, M,, M, as 
described there. Let N,, be the submodule of N which contains t(N) such that 
N,/t(N) = M,. We have IV, c N,,, ,, IZ = 1, 2 ,.... Since M,, is linite- 
dimensional and torsion-free, it is Baer. Therefore 
N,, = t(h’) 4 N’ n. 
N,- ,/N,, is isomorphic to M, ,/M, which is finite-dimensional and torsion- 
free. Hence by Proposition 1.4, IV,,, , = t(N) 4 lJ;+ , where Ul, c VA-, . Let 
N’ = U,“- , U;. Then we have N = t(N) -i- N’, as required. m 
COROLLARY 1.6. A torsion-free module of countable rank such that 
every submoduie of finite rank is finite-dimensional is Baer. 
In the next section we shall show that the condition in Corollary 1.6 is 
also necessary for R-modules. 
2. BAER SYSTEMS 
We shall need the representations of sy&ems of type 11: by chains. Let 
(a: b) be a fixed basis of C2. 
6,-b-a if OEC 
a if f?=co. 
A pair of tuples ((xi, x2 ,..., xn), (y,.y, ,..., p,)) in x” x y” is a chain of 
type 11: for some r3 E c = C u (00 } whenever b,x, = 0, axi =yi = boxi, , , 
i = 1, 2...., n-1,ax,=y,,incase6,EC.If0=cowerequireax,=0,bxi= 
yi = ax,+, . A pair of infinite sequences (x,, x2 ,... ), (~1, ,y2:...)) is a chain of 
type 112 if b,x, = 0, axi = yi = b,x,_ i, i = 1,2 ,.... If 0 = co, the ordered pair 
(b,, a) is replaced by (a, b). (X, Y) is called a system of type II”,, n possibly 
co. if the x;s and yi)s are respective bases of X and Y. It corresponds to the 
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C]#module C[r]/(< - 0)” @[r] if n < co and to a Priifer C[<)-module if 
n = co; see [ 1 ] for details. 
Let (U,, , 2,) be a system of type II;, n < co, and (X, Y) = I-IF=, (U, , 2,). 
By Corollary 33.3 of [4], @z-, (U,, 2,) is a basic subsystem of t(X, Y). 
Since f(X: Y) contains a subsystem isomorphic to nKo (U,, Z,), it is c- 
dimensional (c is the cardinality of the continuum). Since @,“-, (U,,, Z,,) 
and a system of type II 2 are respectively &-dimensional, 
t(X, I’)/@:?, (U,, Z,) is of type 0, II:. Consequently we have 
LEMMA 2.1. The system nFY, (U,, , Z,,)/@,“= , (U, , Z,) contains a 
subsystem of type 0, II:. 
Let v= W=C(<l. (V, w) is made into a system denoted in (3 1 by P. For 
A c C let 
w= [VU {l\J, 
where [ ] denotes the complex subspace of C(r) spanned by the indicated 
functions. (V, W) is made into a system denoted by R, in [3 ]. Both P and 
R, are torsionfree rank 1 systems. 
PROPOSITION 2.2. dim Ext(P, @,“- , (U,, Z,)) > c. 
Proof: Denote @,“-. , (U,, Z,) by (X,, Y,) and nz=, (U,, Z,,) by (X, Y). 
We have the exact sequence 
This yields the exact sequence 
Hom(P, (X, I’)) + Hom(P, (X Y>/(X,, YO)) + Ext(P, (x0 9 YJ) 
--t Ext(P, (X Y)). 
Ext(P, (X, Y)) is isomorphic to I-]:=, Ext(P, (U,, Z,,)) which is 0 by the 
table in [3]. Since elements in the range space of P have infinite height at co 
and no nonzero element in Z, has that property Hom(P, (X. Y)) = 0, 
Ext(P, (X,,, Y,,)) is isomorphic to Hom(P, (X, Y)/(X,$ Y,,)). The system 
P/(0, C . 1) is of type 112 so Proposition 2.2 follows from Lemma 2.1. I 
PROPOSITION 2.3. If A is an infinite set, then 
dim Ext(R,, R,/(O, c . 1) = 2cardca’. 
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Proof. We shall abuse notation and represent systems by their 
isomorphism types. We have the following exact sequence: 
O+(O,C. l)+R,-, @ 11:,-o. 
B E A 
This yields the long exact sequence 
Horn 
+ Ext 
Since a system of type III’ is projective, Ext(III’, BeeA II:) = 0. The 
dimension of Hom(III’, BOEa II;) is Card(A), while dim(Ext(@,,,.’ II:,, 
eeEa II;) is 2Card(A’ from the table in [3] and the assumption that Card(A) 
is infinite. Substituting these values in the above sequence yields the desired 
result. I 
PROPOSITION 2.4. No inJnite-dimensional system ofjinile rank is Raer. 
Proof: Let (V: IV) be an infinite-dimensional torsion-free system of rank 
n < co. The proof is by induction on n. If n = 1, then (I’, IV) contains a 
subsystem isomorphic to P or R, (possibly after a change of basis as in the 
proofs of Lemma 2.5 and 2.6 in [3 I). So by Propositions 2.2, 2.3, and 1.1(a), 
(V, IV) is not Baer. We now assume the proposition for all systems satisfying 
the hypothesis but of rank <n. Let (V’, IV’) be a torsion-closed subsystem of 
(V, IV) of rank n - 1. If (I”, IV’) is infinite-dimensional, then it is not Baer 
by the induction hypothesis and so we would be done by Proposition 1.1 (a). 
We may, therefore, assume that (I”, IV’) is finite-dimensional. Therefore. 
(V, I#‘)/( V’, W’) is an infinite-dimensional torsion-free system of rank 1. Let 
(S, 7’) be a system of type (OF=, II”,) @ (BeEa IIf) where A CC, 
Card(A) = No. The exact sequence 
oqv’, W’)-+(V, W)+(V, w)/(V’, WI)-+0 
yields the exact sequence 
Hom((V’, W’), (S, T)) --f Ext((V, Wl/(v’, W’), (S, T)) 
-+ Ext((K W), (S, 7-l) 
+ Ext((I”, W’), (S, 7-)-t 0. 
Since a finite-dimensional torsion-free system is Baer, Ext(V’, W’), 
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(S? r)) = 0. By Propositions 2.2 and 2.3, dim(Ext((V, W’)/(V’, IV’), 
(S, T)) > 2K0. But dim Hom( V’: IV’), (S, r>) = dim(S, 7) because (V’, IV’) 
is finite-dimensional while (S, 7’) is infinite-dimensional. Therefore, 
dim Ext((V, IV), (S, T)) > 2K~ and hence is not Baer. I 
Proposition 1.1 (a) and the proof of Proposition 2.4 yield. 
COROLLARY 2.5. (a) If (V, W) is Baer, then every subsystem of (V, W) 
of finite rank is finite-dimensional. 
(b) If (K W is B aer and (V’, W’) is Jnite-dimensional, then every 
torsion-free subsystem of (V, W)/( V’, W’) of finite rank is finite- 
dimensional. 
Corollaries 1.6 and 2.5(a) enable us to describe Baer systems of countable 
rank. 
THEOREM 2.6. (a) A t orsion-free system (V, W) of countable rank is 
Baer if and only v every subsystem of finite rank is finite-dimensional. 
(b) A system (V, W) of countable rank is Baer if and only if 
where (V,, , W,) is a Jnite-dimensional torsion-free torsion-closed subsystem 
of(V, W)and(V,,, Wn)c(Vn-,, W,r+,)n= A2, . . . . 
ProoJ Part (a) is just Corollary 1.6 and 2.5(a). 
(b) If (V, W) is of countable rank and Baer then by Proposition 1.3, 
(V, IV) has the form given in (b). Suppose (V, W) in (b) is as described. 
Then by (a) it suffices to check that every subsystem of (V, I+‘) of finite-rank 
is finite-dimensional: Let (X, Y) = IC,,,,,(#, { y,, y*,..., yk)). Then for n large 
enough { y1 7 .h 3-7 Yk } c W,,. Since (V,, W,) is torsion-closed in (V. W), 
(X, Y) c (V,,, W,). Hence (X, Y) is finite-dimensional because (V,, W,,) is 
finite-dimensional. Any subsystem of finite rank is contained in the torsion- 
closure in (V, W) of a finite set of elements of its range space. I 
Remark. There are examples of systems satisfying the conditions in 
Theorem 2.6, hence Baer, and not having direct summands of type IIIm for 
any m, see Lemma 1.3.2 of 171. 
3. SYSTEMS OF TYPE 11; , IIIk ARE NOT BAER 
By using the long exact sequence for Ext one sees that Baer systems arc 
closed under extensions, while Proposition 1.1 shows that subsystems of 
Baer systems arc Baer. In this section we show that a direct product of Baer 
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systems need not be Baer. While in abelian groups an infinite direct product 
of Baer is never Baer, some infinite products of Baer systems are Baer. The 
system of type I.-];- i IIIk satisfies all the conditions of Theorem 2.6 except 
countability. Since we shall show that it is not Baer, the indispensability of 
that hypothesis is also demonstrated. If we consider a system (V, W) of type 
rli,, IIIki where max(k,: i E I} is an integer, we get a pure-projective system 
[ 61; hence (V, I+‘) is Baer. 
Let (V, W) = ]l,“rz (V,, W,) where (V,, IV,) is a system of type III” 
spanned by ((u,,. u2,,, .. . . t’,-,,,J, (w,,!, MJ~“, . . . . )v,,J), and (v,, J+‘,,) = 
QJf z (V,, IV,). By considering the chains spanned by elements of the form 
{a,, r~,,,):=~ where u,, # 0 for infinitely many n and noting that there are 2*0 
linearly independent such elements, we get that (V, W)/( V,, IV,,) contains a 
subsystem isomorphic to 0, P, P as in Proposition 2.2. 
We can now prove 
THEOREM 3.1. A system of type 1.1 F- , IIIk is not Baer. 
Proof. We have the exact sequence 
Hence the exact sequence 
‘Lt 
Horn (V,, W,,)t G II”, (I’, W)/I’,, II’,), 0 IIyC 
n-1 II-. I 
+ Ext 
(, 
‘(I’. II’), 6 II”, ) 
,,-I I 
+ Ext ((I’,, I+‘,)), & II:). 
n I 
The last entry is 0 because a system of type @zl, IIIk is Baer while the 
dimension of the first entry is 2 Ko. Since (V, I+‘)/( V,, IV,,) has a subsystem 
isomorphic to 0, P, the dimension of Ext(( I’, w>/( V,, W,), @z-, IIfz) > 2“ 
by Proposition 2.2. Therefore Ext((V, IV), @z=:=, II”,,) also has dimension 
greater than or equal to 2’. Thus, (V, I+‘) is not Baer. 1 
COROL.LARY 3.2. A system of type nT=, IIIk is not a subsystem of a 
pure projective system. 
Remark 3.3. By 3.6 of [7] every subsystem of finite rank of a system of 
type nF=, IIIk is finite-dimensional. Therefore “countability” is essential in 
Theorem 2.6. 
481.‘77i2 IO 
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The proof of Theorem 3.1 gives the following necessary condition for a 
system to be Baer. 
PROPOSITION 3.4. If (V, W) is a Bae> system and (V,,, W,) is a 
subsysrem of injX[e dimension r, then (V, W)/( V,, W,) does not contain a 
subsystem isomorphic to 0, E, Ri, Card(I) > 2’ and R; a torsion-free inJnire- 
dimensional syslem of rank one for all i E 1. 
A projective cover of ON0 P is also of dimension & and Baer. hence r 
cannot replace 2’ in the last proposition. 
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